NON-COMMUTATIVE STOCHASTIC DISTRIBUTIONS 
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5/5 _ Abstract. In this paper, we introduce a non-commutative space 

of stochastic distributions, which contains the non-commutative 
white noise space, and forms, together with a natural multiplica- 
tion, a topological algebra. A special inequality which holds in this 
space allows to characterize its invertible elements and to develop 
an appropriate framework of non-commutative stochastic linear 
systems. 



1. Introduction 

In this paper we introduce and study a non-commutative version of a 
space of stochastic distributions, and give applications to mathemat- 
ical system theory To set the problem into perspective, recall that, 
in white noise space analysis, various spaces of stochastic distributions 
have been introduced by Hida, Kondratiev, and others; see [12] and 
the references therein. Among those introduced by Kondratiev, one 
(denoted by <S_i) plays an important role. It is the dual of a Frechet 
nuclear space, and in particular the increasing union of a countable fam- 
ily of Hilbert spaces with decreasing norms. S-i is an algebra when 
endowed with the Wick product, and the Wick product satisfies in <S_i 
an inequality, called Vage inequality. The space <S_i was recently used 
to develop a new approach to the theory of linear stochastic systems, 
when not only the input is random but also the characteristics of the 
system. See [TJ HJ [3]. We recently defined a large class of topologi- 
cal algebras, which also satisfy a Vage type inequality, and which are 
furthermore closed under tensor products. See [5J. For the non com- 
mutative version of the white noise and of the white noise space we 
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refer to [2T]. The non-commutative counterparts of spaces of stochas- 
tic distributions, especially ones which satisfy a Vage type inequality, 
do not seem to have been studied. We begin such a study here, and 
give applications to non-commutative linear systems parallel to the one 
done in [H HI |3] for the Kondratiev space and in [5] for Vage spaces. 

We divide this introduction into three parts. The first two parts are 
preliminaries about the commutative case, namely on the white noise 
space and on the Kondratiev space 5„i of stochastic distributions. In 
the third part we discuss our approach to define a non-commutative 
space of stochastic distributions and give an outline of the paper. 

1.1. The (commutative) white noise space. To set the framework 
of the commutative case we recall the following definitions. Let % be 
a complex Hilbert space. We consider its n-fold Hilbert spaces tensor 
power %® n . The symmetric product o is defined by 

Ui O • • • O U n = — <8> • • • <8> U a (n), 

o-eSn 

and the closed subspace of %®> n generated by all vectors of this form is 
called the n-th symmetric power of 7i, and denoted by %° n . See [T7j . 
We make the convention = C, and the element 1 G C is called the 
vacuum vector and denoted by 1. Two inner products are defined on 
~H on . The first is called the symmetric inner product, and defined by 

(ui o ■ ■ ■ o u n , vt o ■ ■ ■ o v n } = per((ui, Vj)), 

where per (A) is called the permanent of A and has the same defini- 
tion as a determinant, with the exception that the alternation factor 
(sgn(a)) is omitted. The second is called the tensor inner product. It 
is induced by the tensor inner product on %® n 

n 

(ux ® ■ ■ ■ ® u n ,Vx <g> • • • <2) v n ) = Y[(v,i,Vi). 

i=l 

Therefore, the tensor inner product on TL on can be defined by 

(%0--.0ti n ,tJi0---0t) n ) 8 = — ^ (Ua(l),V T (l)) ■ ■ ■ (U<r(n), V T ( n )) ■ 

It is clear that || • ||® = — II ' IU- Assuming (ej)j e _r is an orthonormal 
basis of 7i, for a : I — > No with a support {ii, . . . , i m } (i% < ■ ■ ■ < i m ) 
such that \a\ — Yl^jLi ai i = n ' we d eno t e 

° a M oa im r- 1 ion 

e Q = e,- o • • • o e. En . 
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(e a ) is clearly an orthogonal basis of W n . The squared symmetric 
norm of e a is a!, and the squared tensor norm is — r 



The symmetric Fock space over % is the Hilbert space 

t°{h) = ®n= n on , 

with the corresponding symmetric inner product. 

Now let H be any separable Hilbert space. For the definition of the 
white noise space, one takes % = L 2 (M). Let (e n ) ng N be an orthonor- 
mal basis of L 2 (R) (for example, the Hermite functions). We define 
the (commutative) white noise space W as the symmetric Fock space 
of T-L — L 2 (M). Thus, denoting by i the free commutative monoid 
generated by N , that is, 

£ = = {aG<: supp(a) is finite} , 

and setting v(a) = a\ we conclude that 



w = r 



For more information on symmetric and non-symmetric Fock spaces 
we refer to [THl HZ] . 

1.2. The Wick product and the (commutative) Kondratiev 
space of stochastic distributions. The standard multiplication of 
two elements in the white noise space is called the Wick product. 

Definition 1.1. The Wick product is defined by (f,g) h-> fog whenever 
it make sense. In terms of the basis, we obtain that 

f °9= I Yl f a6a I ° I E 9a6a ) = E ( E U9a-fi 

\ae£ J \ae£ / ael \/3<a 

As it is obvious from its definition, the Wick product is actually a 
convolution of functions over the monoid £. It is well known that W 
is not closed under it; see Remark 12.61 On the other hand, the dual 
of the Kondratiev space S± of stochastic test functions, namely the 
Kondratiev space *S_i of stochastic distributions, is closed under the 
Wick product. The space Si is defined as follows: 

5 i = | E /« e « : E l/a| 2 (2N) Qp (a!) 2 < oo for all p G N 
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where (2N) Q = 2 ai •4 a2 -6 a3 • • • . It is a countably normed Hilbert space 
(in the language of Gelfand) which is a subspace of the white noise 
space W. Its dual, the Kondratiev space of stochastic distributions 
<S_i, can be viewed as 

\fa\ 2 (2N)- ap < oo for some pGN 

p 

where is the point measure defined by 

Together with the white noise space these two spaces form the Gelfand 
triple (Si,W, 5_i). These two spaces Si and 5_i are both nuclear 
(the latter when endowed with the strong topology), a property which 
allows to consider Hom(iSi, S-i) as an appropriate framework for the 
theory of stochastic linear systems thanks to Schwartz' kernel theorem; 
see [2"2| |2"3] for applications of the latter to the theory of non random 
linear systems. Furthermore, 5_i is closed under the Wick product. 
More precisely, the following result holds (see |12j): 

Theorem 1.2 (Vage, 1996). In the space <5Li = \J p L 2 (£, /i_ p ) it holds 
that, 

(1-1) \\fog\\ q <A q _ p \\f\\ p \\g\U, 

(where \\ ■ \\ p denotes the norm of L 2 (£, fi- p )) for any q > p + 2, and 
for any f e L 2 (£,fi- P ),g € L 2 (£,/i_ g ), with 



2 



A q . p = J2( m )~ a(q ' p) < 00 

\aee ) 

We note that the finiteness of A p _ q was proved by Zhang in [23]. It 
follows from ( II. ip that the multiplication operator 

M f : g^fog 

is bounded from the Hilbert space L 2 (£, fi_ q ) into itself where / G 
L 2 (£, fi_ p ) and q > p + 2. This also allows us to consider power series. 
If Yln°=o a n zn converges in the open disk with radius R, then for any 
/ G L 2 (£,/i_ p ) with \\f\\ p < jL, we obtain 

oo oo 

^|an|||r n || P+2 <^|a n |(A g 

-pll/llp) n < °°) 

n=0 n=0 
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and hence ^^1 a n f on £ L 2 (^, A*-o+2))- I n this wa y we are a ^ so a ^^ e *° 
consider the invertible elements of the algebra <S_i. These properties 
among others, which follows by Vage inequality, are the key tools for 
the applications described at the beginning. 



1.3. The non-commutative case and an outline of the paper. 

In a similar way, the non-commutative white noise space is defined by 
the full Fock space 

t(h) = ®™ =0 n® n , 

where again, one takes Ho = L 2 (R), but other choices of Ho are pos- 
sible. Denoting by I the free (non-commutative) monoid generated by 
N, the space W is iso metrically isomorphic to L 2 (£, v) , where v is now 
the counting measure (the a\ disappeared since we are no longer in 
the symmetric case). The non-commutative Wick product is defined 
by (/? g) l— >* f ® 9, an d in view of proposition I2.5[ W is not closed 
under it. The counterpart of S-\ is now of the form \J L 2 (£, pL p ) 
where the measures /2_ p are defined by (12.11) . In the construction of 
the non- commutative version of the Kondratiev space of stochastic dis- 
tributions, an inequality similar to the one presented in Theorem 11.21 
will be seen to hold. 

The outline of the paper is as follows: In Section 2 we construct the 
non- commutative version of the Kondratiev space, <S_i. In section 
3, we discuss about second quantization, and present an inequality 
which holds in <S_i. Power series, invertible elements and some other 
properties presented in Section 4. In section 5, we consider 5_i as an 
appropriate framework to stochastic linear systems. 



2. The white noise space and the Kondratiev space of 
stochastic distributions - the non- commutative case 

To define the non-commutative version of the Gelfand triple (Si, W, <S_i), 
two approaches are possible. In the first one, we replace the free 
commutative monoid generated by N, namely £, with the free non- 
commutative monoid i generated by N. To ease the notation, we in 
fact consider a family of (pairwise distinct) symbols (z n ) ne ^ indexed 
by N, and consider equivalently the free non- commutative monoid they 
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generate: 

e = w 

{z£z% n G N, h ^ i 2 ^ ■■■ ^ i n G N, en, ... , a n G N} U {1} 

{^^ia • • • z im : m G N, ix, . . . , % n G N} U {1}. 



We also consider the induced partial order, that is for a, (3 G £, we 
define a < j3 if there exists 7 G £ such that 0:7 = /3. 

For a = z^z"* ■ ■ ■ zf™ G £ (where i x 7^ % 2 7^ ■ ■ ■ 7^ i n ) we define 

n 

(2N) a = H(2i fc ) a * = 1 1 (2j)( Efc!i *= , ' Qfc ^ 

fe=l j'e{ii,...,in} 

We define the measures z/(a) = 1 for every a G £ and for pGZ, 

(2.1) = (2N)°*. 

Definition 2.1. PFe ca/Z L 2 (£,u) the non- commutative white noise 
space and we denote it by W. Similarly, S\ = f] peN L 2 (£, fi p ) and 

S-i = |J peN L 2 (£, yU_ p ) ; topologized as a countably Hilbert space and 
as its strong dual respectively, will be called the non- commutative Kon- 
dratiev space of stochastic test functions and the non- commutative Kon- 
dratiev space of stochastic distributions respectively. 

In the second approach to consider the non- commutative version of the 
triple (Si,W, <S_i) we replace the symmetric Fock space with the full 
Fock space. Recall that the full Fock space over H is the Hilbert space 

Assuming (ej)j € j is an orthonormal basis of "H, for a = zf^zf 2 ■ ■ • zf™ 
(where %\ 7^ i 2 7^ • • • 7^ i m G I), such that \a\ = J2J=i a j — n ? we 
denote 

e a = e® ai (8) ... (8) ef am G H® n . 

(e a ) is clearly an orthonormal basis of %® n (with respect to the tensor 
inner product {u x ® ■ • ■ ® u n , Vi <g) • • • <g) v n ) = Y\" =1 (ui, Vi)). 



As in the commutative case we make the choice H = L 2 (R) and denote 
by (e n )„ e N an orthonormal basis of it (e.g. the Hermite functions). For 
any p G Z, we denote 

{00 00 
fne n : Yl \fn\ 2 (^Y < oo I — L 2 (N, {2nf ). 
n=l n=l J 
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• • • C 7-^2 ^= Hi C "Hq C C T-t—2 (~ ' ' ' i 

and that Hp^p ^ s ^ e Schwartz space of rapidly decreasing complex 
smooth functions (in case we indeed choose (e n ) to be the Hermite 
functions) and \J p T-i p is its dual, namely the Schwartz space of complex 
tempered distributions. 

Theorem 2.3. It holds that 

Si = P| r(Hp), w = r(Uo), and 5_i = |J r(H- p ). 

Proof. Clearly ((2n)~ p / 2 e„) is an orthonormal basis oiH p . Hence, 
e<?> = ((2^)- p/2 e n )°^ o ■ ■ ■ o ((2^)-^ 2 e lm ) oa - 



= (2N)- ap/2 e a 
is an orthonormal basis of T(V, p ). Thus, 

r(Wp) = < E/« e « : E l/«l 2 (2N) Qp < oo }> , 



and so 



fl r (^) = <E^ : Ei^i 2 ( 2N ) qp<o ° V ^ GN 

= f|L 2 (£,/i p ) 

p 

= 5i, 



r (^o) = { E /« e « : E i^i 2 < 00 ? = l2 ( £ ' ^ = w > 
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and 



|J T{U_ p ) = I Y^Ua : ^|/ a | 2 (2N)- ap < oo for some peN 



V 



□ 



Definition 2.4. The Wick product is defined by (f,g)^f<S>g when- 
ever it make sense. In terms of the basis we obtain 

f®g = I Yl f aea 9a6a ) = Yl [ Yl fo g p 

\aee J \aee / aee \p<a 



— l^V I Cry. 



Thus, the Wick product is the convolution of functions over the monoid 
t. 

Proposition 2.5. W is not closed under the Wick product. 
Proof. Let i : £ 2 (N) — > W be the embedding defined by 



f n if a = zl 
otherwise 



(where / = (/„) G and let f,g e f(N) such that || / * g\\ = oo, 

where * denotes the standard convolutions of two elements in £ 2 (N). 
Then, 

= II/* 9\\ = °°- 

□ 

Remark 2.6. The reason why the commutative white noise space is 
not closed under the symmetric Wick product is similar. We can simply 
define rj : £ 2 (N) -> W by 



(v(f),e<x) 



f n /Vrd if a = (n,0,0, . . .) 
otherwise 
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(where f = (f n ) G £ 2 {N)). Thus, for non-negative sequences f,g G 
£ 2 (N) such that \\f * g\\ = oo, 

\\v(f)®v(g)\\ 2 = y:[y:^==—f k gn- k \ m 




Similar to the commutative case, it will be shown in the sequel that 
S-i is closed under the Wick product, and moreover it satisfies an 
inequality similar to the one that was presented in Theorem 11.21 

3. Second quantization and an inequality of tensor 

PRODUCT 

Let /C be a separable Hilbert space, and let (e n )„ g pj be an orthonormal 
basis of /Co- Furthermore, let (a n )neN be a positive sequence of real 
numbers. For any p G Z, we denote 

f oo oo 

K P = <j^/„e„:^|/ n | 2 <<oo[ =L 2 (N,<). 
We note that 



n=l n=l 



• • • c /C 2 C K x C /C C /C_i C /C_ 2 C 
where the embedding T 9)P : JC g ^ K, p satisfies 



IT a" 9/2 e II = a - (<? - p)/2 lla- p/2 e II 



and hence 



\T q , p \\ H s - J 22 



-{q-p) 

Lin 



nSN 

The dual of a Frechet space is nuclear if and only if the initial space is 
nuclear. Thus, |J pgN /C_ p is nuclear if and only if HpeN^p ^ s nuc l ear - 
This is turn will hold if and only if for any p there is some q > p such 
that ||T 9)P ||i/5 < oo, that is, if and only if there exists some d > such 
that J2n€N a n d converges. We note that in this case, d can be chosen 
so that 

nGN 
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We call the smallest integer d which satisfy this inequality the index of 
[j p€N fC-p. In this section we show that if [j peN /C_ p is nuclear of index 
d, then [J peN r(/C_ J) ) has the property that 

11/ ® g\\ q < llrCT^IlHsll/Hplbll, for all q > p + d, 

where || ■ || p is the norm associated to r(/C_ p ), and ||r(Tg iP )||^ s is fi- 
nite. The case a n = 2n (and hence d = 2) corresponds to the non- 
commutative Kondratiev space, and is discussed in the next section. 

Let T : Hi — > Hi be a bounded linear operator between two Hilbert 
spaces. Then T® n : Hf n -> Hf n , defined by 

T m (m <g> • • • <g> u n ) = Tu x ® ■ ■ ■ ® Tu n , 

is a bounded linear operator between Hf n and Hf n - When T is a 
contraction, it induces a bounded linear operator T(Hi) —> r("H 2 ), de- 
noted by T(T), and called the second quantization of T. 

Let (A n ) be a sequence of non- negative numbers. For a = z°*z?* ■ ■ ■ z"™ £ 
i (where i\ ^ z 2 ^ ■ ■ ■ ^ i n ) we denote 

n / . \ 

^=UK k = n ^ ' • 

k=l je{ii,...,i„} 

We recall that if T : Hi — > "H 2 is a compact operator, then 

oo 

Tf = ^ A„(/, e n )h n 

n=l 

where (e n ) nS N and (/i n )neN are orthonormal basis of Hi and "H 2 re- 
spectively and where (A„) is a non-negative sequence converges to 
zero. Conversely, any such a decomposition defines a compact oper- 
ator Hi — > %2 (see for instance [IS]). 

Theorem 3.1. Lei T : %i — >• H 2 &e a compact operator with 

oo 

?7 = 5^A„</, e n )h n 

71=1 

where (e n ) ne N (^n)neN ore orthonormal basis of Hi andH2 respec- 
tively and where (A n ) a non-negative sequence converging to zero. 
Then, 

(a) It holds that 

r(T)/ = ^AS</,e a )/ la , 
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where {e a )j and {h a )j are orthonormal basis ofY{l-L\) and r("H 2 ) 
respectively. 

(b) If furthermore T is an Hilbert- Schmidt operator, i.e. (A n ) G £ 2 (N) ; 
then 



l|r(T)||L = EH T 



oo 

2n 
HS- 

n=0 



In particular, T(T) is a Hilbert- Schmidt operator if and only if T 
is a Hilbert- Schmidt operator with \\T\\hs < 1 an d in this case we 
obtain 

\\r(T)\\ HS 



HS 



Proof. For any a E £ let e a = ef" 1 <g> • • • <g> ef° m and h a = h% ai <g> • • • <g 
hf" m . Then, (e a ) ae j and (h a ) ae j are orthonormal basis of Hi and "H 2 
respectively. 

(a) We have that 

T(T)e a = (Te H r ai ® ■ ■ ■ ® (Te im )® Qm 

— 

— A N /t Q . 

Thus, by linearity 

r(T)/ = X>^</,e Q )/i Q . 

(b) We have that 

l|r(T)||^ = ^||r(T)e c 



|2 



oo 



E ii t ^ii 2 

™= a€£,|a|=n 
oo oo 

™=° ae£,|a|=n i=1 
oo . oo 

E E sni^ 

n=0 a€£,\a\=n i=l 



\2cti 



Considering an experiment with N results, where the probability of 
the result % is pi = ||T||^||Tej|| 2 (and so J^Pi = 1)> the probability 
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that repeating the experiment n times yields that the result i occurs 
ctj times for any i is 



oo . oo 

n\ -r-r <>„nl 



Thus, 



i=i i=i 



oo 

\2n 



E ^ni^.ir- = iiT 

aG£,|a|=n i=l 



and we obtain the requested result. 



□ 



Theorem 3.2. If{J pe ^JC- p is nuclear of index d, then U p gn^(^-p) ^ s 
nuclear and has the property that 

11/ ® 9\\ q < \\r{T q , P )\\ HS \\f\\ P \\g\\ q for allq>p + d, 
where \\ ■ \\ p is the norm associated to r(/C_ p ), and where 



1 

•■q, P \\HS - 



E -a(q-p) 

— -(q-p) 



Proof. Denoting b a = a^j, we have that 

r(/c_ p ) = |(/ a ) aer ^|/ Q |V<ooi. 

Since UpgN ^-p * s nuc l ear of index d, 

\\T q , p \\ 2 = a n [q ~ P) < 1 for any q > p + d 



In view of Theorem 13.11 T(T q p ) is Hilbert-Schmidt and 

J2K {q - p) = £%* (9 ~ P) = l|r(T 9 , p )||L = I < oo. 

77 1 \\ 1 q,p\\HS 

Since for any a = z^z* 2 • ■ ■ z?" e £ and /3 = 4' • • ' 2 f™ ^ Fit holds 
that 



ftafy = agog = a Z ' II a ? 



N — "a/3; 



fc=l (=1 
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for any / G r("H_ p ) and g G T(J-L- q ) we obtain 
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ii/®*ii;=£ 



•9/2 



a<7 



\Q!,a'<7 / 

< £ (i/aifc- 9/2 i^i^ 9/2 £ 



i 7 l9a-V^ Q -V 



< 



< 



£l« 

^6£ 



p/2 



£l^l 2 V 



£l<y.O 



-(9-p) 



= iir(T 9 , p )iiLii/ii;^n;. 

Thus, we proved the requested result. 



5>iV) (EiwiV 



□ 



4. The algebra of the non- commutative Kondratiev space 
of stochastic distributions 

We now specialize the results of the preceding section to a n = 2n, and 
denote by % p the corresponding spaces: 

{oo oo 
£/ne„ : £ \fn\ 2 {2nf < oo U L 2 (N, (2nf), 
n=l n=l ) 

Denoting by T qiP the embedding % q <^-> % p , it holds that 



I T" 1 1 1 ^ 
\ 1 q,v\\HS 



£(2n)-^ = 2-^C(?-p), 



where £ denotes Riemann's zeta function. Since for any s > 2, ((s) < 
2 s , for any q > p + 2, ||T giP ||#,g < 1. In view of Theorems 13.11 and [37 
we obtain the following result: 

Theorem 4.1. 



14 



DANIEL ALPAY AND GUY SALOMON 



(a) The non- commutative Kondratiev spaces S\ and <S_i are both nu- 
clear spaces. 

(b ) For any q > p + 2 

Bl-, = E( 2N >"""'" = 1 _ 2 _ {q _\ )a _ y 

(c) For any q > p + 2 and for any f G r(H_ p ) and g G Y(T-L_ q ) 
(4-1) \\f®9\\ q < B q - P \\f\\ p \\g\\ q 

where \\ ■ \\ p is the norm associated to Y{l-L- P ). 

We now show that the non- commutative Wick product is continuous. 
We first need the following proposition. 

Proposition 4.2. Let (/a)aga be a net in «S_i. Then f\ — > f in the 
strong topology if and only if there exists p G N such that f\,f<E T(H_ p ) 
and f\—}fin the strong topology o/r("H_ p ). 

Proof. Suppose f\ — > f in the strong topology of «S_i. In particular, 
{/a}aga U {/} is strongly bounded. Therefore, there exists peN such 
that 

{fx}xeA U {/} C T(H- P ) = T(U P )' 
(see §5.3 p. 45]). Let B be a bounded set in T(H p ); then B C\Si is 
a dense subset of B. Therefore, 

su P |/a(^) -f(<p)\ = sup \f x (<p) - f(<p)\ -> 0. 

Thus, f\ — > f in the strong topology of r("H_ p ). The opposite direction 
is clear. □ 

Theorem 4.3. The Wick product is a continuous function <S_i x5_i — > 
<S_i m £/ie strong topology. Hence («S_i, +, CS>) is a topological C- algebra. 

Proof. Assuming ((fx, 9\))\eA is a net which converges to (/, g) in the 
strong topology of <S_i x «S_x, then in particular, /a — > / and gx ^ 9 
in the strong topology of «S_i. According to Proposition I4.2[ there 
exist p, g G N such that fx,f G r("H_ p ) and gx,g G r("H_ g ) where 
/a — > f in the strong topology of r("H_ p ) and #a — ► # m the strong 
topology of r("H_ g ). We may assume that p > q + 2. In view of 
Theorem EH / <g> g x , f ® </ G r(ft_ ff ), and ® : r(ft_ p ) x r(?{_ 5 ) -> 
(%- q ) is continuous. Since (fx,9x) (f,g) in the strong topology of 
r("H_ p ) x r(H_ 9 ), /a <8> gx -> / <£> # in the strong topology of r(H_ 9 ). 
Again, using Proposition [O], we have that fx®g\ — > f<8>9 in the strong 
topology of <S_i. Thus the Wick product is strongly continuous. □ 
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Definition 4.4. Let f = J2aelf aCa e ^-i- Then, fo G C is called the 
generalized expectation of f and is denoted by E[f\. 

From this definition we have 

E[f®g\ = E[f]E[g\ and E[1 § J = l c Wf,geS^. 

Thus, E : S-i — > C is a unital algebra homomorphism. In the sequel, 
we will see it is the only homomorphism with this property (see Propo- 
sition SU). 



Proposition 4.5. Let M be a positive number. Then, for any f G <S_i 
such that E[f] = 0, it holds that lim^oo \\f\\ g = 0. 

Proof. Let / = Yli a <^lfa e a G r(H_ p ) with f = 0. Then for all a G I 
we have 

lim |/ Q | 2 (2N)-" Q = 0, 

q— >oo 

and for all q > p, 

\f a \ 2 (2N)^ a < \f a \ 2 (2N)- pa , 

where Yli a ^I l/a| 2 °a P = II /lip < 00 • Thus, the dominated convergence 
theorem implies 

lim ll/IIJ = lim V |/ Q | 2 (2N)-^ = V lim |/ a | 2 (2N)-^ = 0. 



q— >oo g— >oo ' ' ' ' q-^too 



Proposition 4.6. Let f be in r("H_ p ). Then 

f m g r(-H_ (p+2) ) v«eN. 

Moreover, 

\\r n \\p+2<Bm\\ n P - 



□ 



Proo/. Obviously, /° = 1 G r(H_ (p+2) ), and ||/°|| p+2 = A{2) 
By induction, 

iir (n+ % +2 Hi/®ri P+2 
<5 2 ii/ii P nr"ii P+2 
< B%\\f\\; +1 < oo 



on /no 



□ 
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More generally, given a polynomial p(z) = J2n=oP nZn (Pn e we 
define its Wick version p : 5_i — > <S_i by 



n=0 

By Proposition 14.61 we have that p(f) G <S_i for / G <S_i. The following 
proposition considers the case of power series. 

Proposition 4.7. Let <p(z) = ^„eM ^n 2 " ^ e a P ower series (with com- 
plex coefficients) which converges absolutely in the open disk with radius 
R. Then for any f G <S_i such that \E[f)\ < -§- it holds that 



<Kf) = E ^f® n e s - 



>-l- 

neN 

Proof. Applying Proposition 14.51 there exists q such that 

\\f-E{f)\\ q <^-\E[f}\. 

Therefore, 

R 
B 

By Proposition 14.61 for all p > q + 2, 



,< 11/ -£(/)!!, + W)l< -e 1 - 



neN 



neN neN 

\n 



n6N 
< OO. 



Since T(T-L- P ) is a Hilbert space, </>(/) = J^nen&nf®™ e r("H_ p ). Thus, 
o(/) G ^ □ 

Proposition 4.8. ^4n element f G r("H_ p ) zs invertible if and only if 
E[f] is invertible. 

Proof. If E[f] 0, we can assume that E[f] = 1. By Proposition 14.71 
we have that ^ ngN (l — G «S_i. Furthermore, 



f® (E(i-/r) = i. 

VneN / 



Conversely, assume / invertible. Then there exists / 1 G S-% such that 
/ ® r 1 = 1. Hence, E^r 1 ] = £[/ ® = 1. □ 
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Proposition 4.9. The following properties hold: 

(a) GL(S-i) is open. 

(b) The spectrum of f G <S_i, er(/) = {A G C : / — A is not invertible } 
is the singleton {E[f}}. 

(c) E is unique as a homomorphism 1Z — > C mapping 1§ to 1q. 

Proof. 

(a) By Proposition I4.8[ we have that {/ G «S_i : E[f] ^ 0} is the 
set of all invertible elements in 1Z. In other words, GL(S-\) = 
E~ 1 (GL(C)). In particular, since E is continuous, GL(«S_i) is open. 

(b) Clearly, / — Al does not have an inverse if and only if A = E(f). 

(c) Let if : <S_i — > C be a homomorphism mapping 1^ to lc and let 
/ G <S_!. Since <p{f- ip{f)) = 0, <p(f) G a(f), that is <p(f) = E[f]. 

□ 

5. Applications to non-commutative linear systems 

We refer to [7J HU HU [19] for general information on the theory of linear 
systems, including over commutative rings, and to the papers PHI 120] 
for more information on linear system on non- commutative rings, and 
in particular for the notions of controllable and observable pairs. In 
the present setting an input-output system will be a map of the form 
now an input-output relation of the form 

n 

(5.1) Vn=J2 h 

<g) u n _ m , n G N , 

m=0 

where the input sequence (u n ) n ^ , the impulse response (h n ) neNo be- 
long to S 1 ^ 1 and S^{ q respectively. Then, the ouptput sequence belongs 
to iS^i . When the impulse response (h n ) or the input sequence (u n ) 
are not random, the Wick product reduces to the pointwise product of 
complex numbers, and we recover classical convolution systems. The 
transfer function of the system (15. ip is (the possibly divergent) series 
defined by 

oo 
n=0 

where z is a complex variable. The realization problem in this setting 
is to find, when possible, realization of ffl in the form 

(5.2) (z) = D + zC <g> (/ - zA)~ x B, 
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where A,B,C and D are matrices of appropriate entries and with en- 
tries in S"_i, and 

oo 

(I-zA)- 1 = J2z kA ® k - 

The series converges in a neighborhood of the origin thanks to Propo- 
sition 14.71 

The results presented in [fl HI [3] for the case of the commutative Kon- 
dratiev space iS_i of stochastic distributions still hold for the non- 
commutative case because of the underlying structure and in particular 
of inequality (14. ip . We will present here one representative result, see 
Theorem 15.21 Note that the arguments in [TJ HJ E] are in the setting of 
power series (because one considers there the Hermite transform of the 
Kondratiev space rather than the Kondratiev space itself), and make 
use of derivatives. For the general case, when no power series are avail- 
able, we need to introduce and prove the continuity, of the operators 
D m , m = 1, 2, . . . defined by 

AnOc^r •••<-)= E 

{j:ij=m,aj>0} 

where, to ease the notation, we write zf 1 zf 2 ■ ■ ■ zf n instead of e <n «a 

U 12 In Zjj Z i2 ■■■ z in 

and extend by linearity to any finite linear combination of such ele- 
ments, and prove that these operators are continuous. 

Proposition 5.1. D m is a well defined continuous linear operator 
S-i — > 5_i and it holds that 

D m (f ® g) = D m (f) ®g + f(g) D m (g) 

for any f,g G 

Proof. Let / = J2 a elf aea e "^-i* Then there exists p G N such that 

]Tj/ Q | 2 (2N)-^ < oo. 

For any < j < n, let rj be defined by 

Tj : {a G £ : |a| = n} — > {a G £ : |a| = n + 1} 

defined by 



*0-i) *i *(*+!) 



2„- 
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Since m is fixed, we do not write the dependence of rj on m. Further- 
more, we now allow i k = iu+i- Let j3 G £. Then for any a G £ and for 
any < j < \a\ such that rj(a) = (3, we have \a\ + 1 = \(3\ and 

M l/3| 

m a = n^) = {^r'XV 2 ^) = (2mr w. 
i=i i=i 

Moreover, 

\{(a,j) :ael,0<j< \a\,r 3 (a) = (5}\ = 

= |{1 < k < \P\ : = z h ---z iM ,i k = m}\ < \/3\. 

Thus, denoting £ m — {j3 E £ : j3 — • • • z iw ,i k — m for some k} 

M 



ia»/ii; = £ 



i=o 



(2N) _ 



<£(M 


+ 1 ) 2 EI^hI 2 (2n)- q ' ? 




3=0 




E (|a| + l) 2 |^ (a) r(2N)-^ 


/?e<? m {(q 


j):a^,0<j<M,r,(a)=/3} 


= E 


E |0| 2 |//(2m)*(2N)-* 


/3e^ m {(a 


j):aG^0<j<|a|,r,(a)=/3} 



< E |/3| 3 |// 3 | 2 (2m)«(2N)^. 

/3G? m 

By induction it can be easily checked that for any n G N, 2 3 ( n ~ 1 ) > n 3 . 
Thus, for any q > p + 3 and for any (3 G £ m , 

(2m)-^(2N) (<? - p)/3 = (2m)-^(2i! • • • 2m • • • 2i m ) q ~* > 2 3( ^ > \(3\ 3 . 
Therefore, 

| (5 1 3 (2m) 9 (2N)"^ < (2m) p (2N)" /3p , 

and we obtain 

HD m /li; < (2*01/11,. 

In particular D m is continuous. 



It is now easy to check that for any /, g G <S_i which are finite linear 
combinations of the basis (e a ), D m (f ® g) — D m (f) <g> g + / <g> D m (g). 
By continuity it holds for any /, g G <S_i. □ 
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We recall that for a unital (associative) ring R a pair (C, A) e R pxN x 
R NxN is called observable if there exists some p > such that 

(C CA CA 2 ■■■ CM 9 " 1 ) 

is left invertible. If furthermore, we may choose q = N, then we the 
pair (C, A) is called strongly observable. 

In the following theorem and its proof we omit the symbol ® for sim- 
plicity. 

Theorem 5.2. Let (C, A) e x S N * N . If the pair (E[C\,E[A\) is 

observable, then the pair (C, A) is observable. 

Proof. Let q > be such that (E[C\ E[C}E[A] ■ ■ ■ E[C]E[A q ~ 1 }) is 
left invertible. We show that for any / e (S_i) qN such that 

(C ••• CA«- 1 )f = 

it holds that / = 0. 

First, we note that for such /, (E[C\ E[C]E[A] ■ ■ ■ E[CA q - 1 }) E[f] = 

0. Hence, f = E[f] = 0. 

Now, 

= (ED m )((C CA ■■■ CA*' 1 )/) 
= (ED m )(C CA ■■■ CA^)E[f] 

+ {E[C] E[C]E[A] ••• E[C]E[A^\) (ED m )f 
= {E[C] E[C\E[A\ ■■■ E[C\E[A^\) f Zm . 

implies f Zm = 0. 

Furthermore, by a simple induction since there exist some {Uk}k<n such 
that 

D n m ((C CA ... CA^)f) = Y,U k Dlf+{C CA ... CA^)D n m f 

k<n 

we conclude 

= (££>») ((C CA ... CA*- 1 )/) 
= + W E[C\E[A] ■■■ E[C}E[A^])(ED n Jf 

k<n 

= (E[C] E[C]E[A] ... E[C]E[A^]) f z ,. 
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Thus, f z n = 0, for any n and m. 

The next step is to show that f ZlZm = 0. Since, 

= (ED l D m )((C CA ■■■ CA«-i)f) 

= (ED l )((C CA ■■■ CA^)E[D m f) 

+ ({E[C] E[C]E[A] ■•■ E^EIA"- 1 }) E^DrJ] 

+ (ED l D m ){(C CA ■■■ CAi- l )E[f] 

+ (ED m )((C CA ■■■ CA^EIDJ] 

= (E[C] E[C]E[A] ■■■ E[C]E[A^}) f ZlZm 

we conclude that f ZlZm = 0. 

In the same manner it is easy to complete the proof and showing that 
f a = for any a G I. □ 

In the approach outlined here to non-commutative linear systems we 
replaced the complex numbers by a non-commutative algebra with a 
special topological structure. Other approaches are possible. We men- 
tion in particular the work of Fliess [8] . We also mention [21 El [151 H3] • 
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